A three-moment modal parameterization scheme was developed for describing variations in the shape of cloud ice crystals during growth by vapor deposition. The shape of ice crystals is represented using the volume-weighted aspect ratio, while the size spectrum of the crystal population is described using a threeparameter gamma function. Verified with binned spectral calculations, the proposed modal scheme performed quite accurately in the evolution of the mass and shape of cloud ice crystals growing under idealized conditions. The associated error is within 1% in mass after 1000 s of growth under water saturation. When the ventilation effect is taken into account, the error remains within 5%. Error with regard to the bulk aspect ratio is generally about 3%. A failure to take into account the ice crystal shape led to a 45% underestimation in mass growth. Using only two moments to describe the gamma distribution led to a 37% underestimation in mass and 28% underestimation in the bulk aspect ratio of the ice crystals. The proposed scheme is able to capture the shape memory effect and the gradual adaptation of ice crystal aspect ratios to a new growth habit regime.
Introduction
Cloud ice crystals have complicated shapes (Nakaya 1954) , which strongly influence cloud microphysical and radiative processes. All other conditions being equal, the development of eccentric shapes can lead to considerable differences in the vapor diffusional growth of ice crystals (Shaw and Mason 1955; Pruppacher and Klett 1997, chapter 13. 3) as well as their terminal velocity (Mitchell 1996; Heymsfield et al. 2007a) , the efficiency with which they collide with other hydrometeors (Böhm 1992; Wang and Ji 2000) , their optical cross section (Kinne and Liou 1989; Chou et al. 2002) , and optical scattering phase function and asymmetry factor (Takano and Liou 1989; Yang and Fu 2009) . Despite the important roles played by the shape of ice crystals, current cloud models suffer from a lack of good shape representation.
Early microphysical cloud schemes assumed that all cloud particles are spherical (e.g., Lin et al. 1983 ). Harrington et al. (2013a) described how early attempts to include the effects of ice crystal shape suffered from limitations related to constant aspect ratios (ratio of c-axis to a-axis lengths) or fixed mass-dimension relationships (mass expressed as a power-law function of the maximum dimension) using independent coefficients for specific growth habit regimes (e.g., Harrington et al. 1995; Ji and Wang 1999; Straka and Mansell 2005; Avramov and Harrington 2010) . These methods also tended to ignore the ''memory'' of crystal shape, wherein all ice crystals immediately adjust their shape according to the current environmental conditions, regardless of their growth history and the time required for shape adjustment. Observations using either an airborne particle imager (e.g., Whiteway et al. 2004; Zhu et al. 2015) or polarimetric radar (e.g., Reichardt et al. 2002) revealed that planar ice and columnar ice often coexist, which indicates that shape adjustment cannot happen instantaneously. Mixed growth habits can be attributed to either continuous ice crystal formation in a changing environment or the sedimentation of ice crystals from a different temperature regime.
One approach to describe the adaptive change of ice crystal shape was developed by Chen and Lamb (1994, hereafter CL94) for use in a binned microphysical model. They applied the axes-mass redistribution hypothesis (mass distributed unevenly along different axes) in conjunction with spheroidal shape approximation for parameterizing ice crystal growth habits. Spheroidal shape approximation allows for a generalized mathematical description of ice crystal shapes such that columnar ice and planar ice are represented by prolate and oblate spheroids, respectively. Their method allows for a realistic evolution of ice crystal shapes as well as feedback between changes in aspect ratio and mass. Secondary growth habits, such as hollows, notches, and branches, are taken into account by considering the dependence of depositional ice density (which is an apparent density defined as mass divided by circumscribed volume) on vapor density excess relative to saturated conditions [cf. CL94, Eq. (42) ]. The CL94 approach was adopted by Hashino and Tripoli (2007) and Misumi et al. (2010) in binned microphysical models; however, this binned approach can be computationally intensive, rendering it impractical for use in conventional three-dimensional meteorological models. Harrington et al. (2013a) made the first effort to implement the CL94 method within a modal-type (bulk) cloud microphysical scheme. This was achieved by tracking two additional parameters: a-axis and c-axis (the horizontal and vertical crystallographic axes, respectively) dimension distributions, wherein they related the evolution of axis distribution according to the relationship between the rate change of mass and aspect ratio as proposed by CL94. Density evolution during vapor growth was also considered. This scheme was tested in a parcel model by Harrington et al. (2013b) , who demonstrated that crystal shape has a strong effect on ice mass mixing ratio and fall speeds.
In this study we also follow the CL94 approach in the development of an adaptive growth habit scheme for tracking the evolution of ice crystal shape and density within a modal parameterization framework. Yet, unlike the two-parameter (i.e., a-and c-axis lengths) representation proposed by Harrington et al. (2013a,b) , we introduced a new variable referred to as the ''shape moment'' for use in describing the bulk growth habit. This shape moment makes it possible to describe the effects of ice crystal shape on mass growth and facilitates the calculation of shape effect on other processes, such as collision and radiative transfer. Moreover, we propose the use of ice crystal volume, rather than mass, as the third moment of the size spectrum. Ice crystal apparent density, which has considerable impact on many microphysical processes, tends to vary with the growth condition and shape development; however, in most cloud schemes, it is maintained as a constant. The use of prognostic mass and volume enables the free evolution of the apparent density of ice crystals. A similar approach was employed by Mansell et al. (2010) and Milbrandt and Morrison (2013) for predicting the apparent density of graupel. This manuscript describes the methodology as well as various offline methods used in the verification of the proposed approach.
Formulations for modal parameterization a. CL94 growth habit parameterization
The basic shape of an ice crystal, which is commonly referred to as the primary growth habit, can be characterized to the first degree by its aspect ratio:
where c is the semidimension of the axis perpendicular to the basal face, and a is the semidimension of the axis perpendicular to the prism face (length from the center to the corner). Primary growth habit is determined mainly by temperature, according to laboratory and in situ data (Hallett and Mason 1958; Kobayashi 1961) , and partially by supersaturation, according to surface kinetic theory (Lamb and Chen 1995; Nelson and Knight 1998; Zhang and Harrington 2014) . Observational data suggest that three transitions of the primary habits occur with decreasing temperature: from plate (f , 1) to column (f . 1) near 248C, back to plate near 298C, and then back to column at approximately 2228C. At temperatures below 2228C, polycrystals (i.e., several crystalline units fused together into a single ice particle) such as bullet rosettes and side planes commonly grow from frozen droplets (Higuchi and Yoshida 1967; Ono 1970; Bailey and Hallett 2004) . Nevertheless, we deal only with the hexagonal-shaped monocrystals in this study. In numerous studies (e.g., Heymsfield and Knollenberg 1972; Jayaweera and Ohtake 1974) the two axes of cloud ice crystals have been shown to possess an exponential relationship (cf. CL94):
where h and b are positive constants with specific values corresponding to given crystal types and environmental conditions. This fixed-form equation with specified b was used in early modeling studies for the description of ice crystal shapes, until CL94 derived the relationship that describes the relative changes in the axes lengths:
where g is the ratio of the accommodation coefficient at the basal face to that at the prism face, which is referred to as the ''inherent growth habit ratio.'' The inherent growth habit is driven by surface kinetic processes and is primarily a function of temperature. The integral form of Eq. (3) (i.e., c } a g ) is actually identical to Eq. (2), with g corresponding to the exponent b which is referred to as the adaptive growth habit ratio. CL94 shows that g derived from laboratory measurements is consistent with b obtained from field observations. This axial relationship holds for individual ice crystals as well as a population of ice crystals and thus was used to form the basis of growth habit parameterization.
Using a spheroidal approximation for the geometry of ice crystals makes it possible to express the apparent (circumscribed) volume of ice crystals as follows:
By combining Eqs. (3) and (4), we can relate the changes in aspect ratio to changes in volume during vapor diffusional growth as follows:
where k 5 (g 2 1)/(g 1 2). CL94 set an isometric growth limitation for small crystals, where a 5 c if the particle size is below a threshold radius r 0 , which we assigned as 3 mm according to Miller and Young (1979) . By applying this criterion to Eq. (2), we obtain the following:
Let us define a spherical equivalent radius r eq at which the sphere has the same volume as the ice crystal:
By substituting Eqs. (6) and (7) into Eq. (2) to solve the aand c-axis lengths, the aspect ratio can be derived as follows:
where z 5 (b 2 1)/(b 1 2). Note that g in Eqs. (3) and (5) represents instantaneous growth habit (determined by the environmental temperature), whereas the adaptive growth habit ratio b includes past memory. Thus, g should be used when working on the time rate change in f [cf. Eq. (27)], and b should be used in the diagnosis of bulk (modal) shape properties.
b. Gamma-type modal representation
The key aspect in the proposed method is the incorporation of the volume-shape relationship of Eq. (5) within the modal parameterization. Modal parameterizations are based on the bulk water approach of Kessler (1969) , which continues to be a practical approach for describing cloud hydrometeors because of its high computational efficiency. Traditional bulk water schemes represent the size spectrum (number density function) of a given hydrometeor category using a three-parameter gamma-distribution function in the following form:
where D is the equivalent diameter (52r eq ), and N 0 , a, and l are the intercept, spectral dispersion, and slope parameters, respectively. The widely used MarshallPalmer exponential distribution (Marshall and Palmer 1948 ) is a special case of gamma distribution with a 5 0, whereas the power-law distribution is a special case of l 5 0. Note that a is commonly referred to as the ''shape'' parameter of the size spectrum, which measures the relative abundance of small versus large particles in the hydrometeor size spectrum; however, in this paper, it is referred to as ''spectral dispersion'' in order to avoid confusion with the shape of ice crystals. These distribution parameters are not extensive properties and thus cannot be used directly as prognostic variables. Suitable prognostic variables are the ''moments'' of the distribution function, which are defined as follows:
This study applied three moments, including the zeroth (i 5 0), second (i 5 2), and third (i 5 3) moments, respectively representing the number, surface area (without the precoefficient p), and volume (without the precoefficient p/6) concentrations. By applying the gamma distribution in Eq. (9) for n(D), the analytical solution to Eq. (10) can be derived as follows:
where G is the gamma function. Conversely, by rearranging Eq. (11) for the three moments, the distribution parameters in Eq. (9) can be diagnosed as follows:
and
where
2 . Traditional one-moment schemes commonly hold N 0 and a constant such that only the volume concentration (which gives mass concentration by assuming a constant density) of the hydrometeor is predicted, which then can be used to derive l (e.g., Lin et al. 1983; Tao and Simpson 1993) . In two-moment schemes, the mass and number concentrations are predicted, which allows variation in l and N 0 , thereby enabling the size spectrum to evolve in a more flexible manner (e.g., Morrison et al. 2005; Thompson et al. 2008) . Nonetheless, Milbrandt and Yau (2005a) pointed out that a does vary significantly and that this can have a significant effect on the rate of size sorting. Thus, they move beyond just mass and number to include a third moment, the radar reflectivity factor (which is proportional to D 6 and thus is the sixth moment), to allow maximum flexibility in the evolution of spectral dispersion. Their idealized hailstorm simulations indicate considerable differences between the two-moment and three-moment schemes with regard to surface precipitation rates (Milbrandt and Yau 2005b) .
c. Shape moment
Besides the moments, microphysical schemes may also track particle properties that are not used directly for the determination of size distribution parameters in Eq. (9). We call such parameters the associated properties. For example, this study tracks the mass concentration separately from the volume concentration, and this exempts us from the need to assume fixed particle density. Another associated property used in this study is the shape moment, which was defined to represent the adaptive growth habit. We first introduce the adaptive growth habit ratio b, which is used to describe the axis-length relationship in a manner similar to that shown in Eq. (1). In contrast to inherent growth habit ratio g in Eq. (2), which is temperature dependent only, the adaptive growth habit ratio has memory such that it responds to changing ambient conditions in a gradual manner rather than an instantaneous manner. Nonetheless, b is not an extensive property and thus cannot be conserved during spatial advection. Thus, we applied an associated property referred to as the shape moment, which is defined as a volume-weighted (more precisely, third-moment weighted) aspect ratio:
By inserting Eq. (8) into Eq. (13) and applying Eq. (11), the shape moment can be solved as follows:
where D 0 5 2r 0 . The volume-weighted mean aspect ratio (hereinafter called the bulk aspect ratio) can then be defined as
From the above equation, one can obtain f . 1 for columnar ice and f , 1 for planar ice. Note that in Eq. (14) the known (tracked) variable is M f , rather than z. Yet z is needed for several calculations, and deriving it from M f using Eq. (14) is difficult. A similar problem also occurs in the diffusional growth equation in which a parameter called the electrostatic capacitance is too complicated to allow derivation of an analytical solution. In appendix A we show that the following formula works well for the approximation of z using the known moments:
p is the mean-volume diameter. One advantage of including the shape moment is the fact that it allows for the derivation of the cross-sectional area perpendicular to the falling direction. Ice crystals typically fall with their maximum dimension aligned in the horizontal plane; therefore, the cross-sectional area is pac for columnar ice (prolate spheroid) and pa 2 for planar ice (oblate spheroid). From Eqs. (6) and (7), the axis lengths can be expressed as follows:
Thus, the fall-direction-oriented second moment can be derived as follows:
These second moments facilitate the calculation of the effective radius (r eff [ M 3 /2M 2c for columns and r eff [ M 3 /2M 2p for plates) that is commonly used for radiative transfer analysis. Ice crystals in the atmosphere fall with specific orientation; therefore, the influence of the solar zenith angle should also be taken into account.
d. Rate change of moments associated with deposition growth
The mass growth of ice crystals via vapor diffusion can be expressed using the classical capacitance model (Byers 1965) :
where C E is the electrostatic capacitance, D 0 y is the diffusivity of water vapor in air including surface gas kinetic effects, f y is the ventilation coefficient, and Dr y is the excess vapor density. Modal parameterization for diffusional growth can be expressed in terms of volume change as follows:
where r dep is the effective ice deposition density (reflecting the indents, voids, or hollows in the crystal) as defined and parameterized by CL94, and D 0 y is assumed to be independent of particle size (which holds for sufficiently large cloud ice). Similarly, the rate change of the second moment because of vapor diffusional growth can be derived as follows:
The ventilation effect f y assumes importance when the ice crystals acquire significant fall speeds, and it can be expressed as follows (see appendix B for details and symbol definitions):
where D m is the maximum dimension (52a for plates or 52c for columns), which can be converted into a function of D using Eq. (17). Electrostatic capacitance C E is equal to r eq for spherical particles; however, it can deviate considerably from r eq under extreme f values (cf. Fig. 1 ). The mathematical form of C E is too complicated for obtaining an analytical solution to Eq. (22); therefore, it is linearized into a power-law function of f (see appendix B for details): 
for planar ice and
FIG. 1. Ratio of electrostatic capacitance C E to equivalent radius r eq as a function of aspect ratio. This ratio can be viewed as the error associated with the spherical assumption for ice crystal growth by vapor deposition.
Similarly, the rate change of the second moment can be solved as follows:
The shape moment also changes during deposition growth, following the rate equation
Using Eq. (5) for the df term, the above equation can be written as
where k is given in Eq. (5). Similar to the derivations for Eq. (24), the above equation can be solved as follows:
where h 0 2 5 h 2 1 3 and h 0 4 5 h 4 1 3. The above derivation for the rate of shape change does not consider the variation in ventilation strength across the ice crystal surfaces. More pronounced ventilation effects may be expected for protruding edges, wherein the mass growth would be restricted mainly to the longer axis for ice crystals of sufficiently large size [e.g., D m . 200 mm (cf. Ono 1970) ]. This leads to a deviation from the exponential relationship in Eq. (3). Unfortunately, quantitative analysis of such axis-dependent ventilation coefficient is unavailable. CL94 differentiates the ventilation effect along the a and c axes through the modification of Eq. (3) as follows:
where f c and f a are the ventilation factors along the c and a axes, respectively, presenting a form similar to that found in Eq. (23) (29) is applied; therefore, some degree of approximation is required. We followed Harrington et al. (2013a) in seeking to simplify f c and f a by representing D m using the modal-mean axis lengths, which can be derived in a form similar to that found in Eq. (17):
where M 1 /M 0 represents the mean equivalent size. In this way, g 0 in Eq. (29) becomes independent of D, allowing it to be removed from the integral in Eq. (27) such that the parameter k in Eq. (28) can be expressed simply as k 0 5 (g 0 2 1)/(g 0 1 2) to account for the ventilation effect.
Theoretical validation of parameterization
Theoretical validation of the proposed parameterization scheme for adaptive growth habit was achieved by performing comparisons with bin model calculations, which are considered the exact solutions. The following discussion focuses on two key issues. First, can the threemoment method provide a representation of ice crystal size distribution significantly better than that obtained using the two-moment method? Second, how important is the shape effect (compared to an assumption of spherical particles), and how well can it be represented using the proposed method?
a. Calculation setup
The bin model with 100 uniform size intervals was used to describe the size spectrum, which initially covered a size range from 0 to 20 mm (typical of freshly formed cloud ice crystals, including those from primary and secondary ice production as well as those from cloud drop freezing). This degree of highresolution discretization generally provides high accuracy, and thus the results can be viewed as being close to the exact solutions (cf. Chen et al. 2013) . The mass (size) change of particles in each bin is tracked using Lagrangian-type (in the mass coordinate) calculations to avoid numerical diffusion. The initial number concentration in each bin follow the gamma distribution in Eq. (9), with N 0 5 6.827 3 10 6 m 27 , a 5 3, and l 5 8 3 10 5 m 21 , which gives a total number concentration M 0 of 10 8 m 23 . Modal calculations were initialized using the same gamma distribution for the size spectrum. All particles are initially assumed to be spherical (f 5 1); therefore, we find M f 5 M 3 at time 0. Figure 2 depicts the initial spectrum for the modal and binned representations. Calculations were performed in zero-dimensional space (i.e., parcel type) under idealized ambient conditions in order to avoid complications associated with other processes. The ambient conditions for crystal growth in Eq. (21) were fixed at T 5 266 K, P 5 800 hPa, and at water saturation (and thus Dr y 5 1.89 3 10 24 kg m 23 ). The gas kinetic effect on the diffusion coefficient was disregarded. Ventilation effects were not included initially but analyzed in a separate test. The initial particle density and r dep were set to a constant value of 910 kg m 23 . For the first set of tests, we applied a constant inherent growth habit ratio of g 5 2 (roughly the value at 266 K), and in a later test this was allowed to jump instantaneously from g 5 2 (column regime) to g 5 0.5 (plate regime) at a specified time in order to examine how the shape of ice crystals adapts to a new environment.
To signify the importance of ice crystal shape, two sets of calculations were performed for both the binned and modal calculations: one calculation assumed that all particles are spherical, whereas the other allowed for shape change. Calculations pertaining to the modal type were further divided into two sets: one that fixes spectral dispersion a (a typical assumption in two-moment methods) and another that allows a to vary (i.e., with the three-moment representation). Altogether, six tests were conducted: ShapeBin, Shape3M, Shape2M, SphereBin, Sphere3M, and Sphere2M, where ''Shape'' and ''Sphere'' indicate with and without adaptive shape change, respectively, whereas ''Bin'', ''3M,'' and ''2M'' indicate the binned, three-moment, and two-moment methods, respectively. Note that, because we tracked three moments (M 0 , M 2 , and M 3 ), the Shape2M calculation (fixed a) is overdetermined; therefore, in this calculation the second moment was not used for determining the distribution parameters N 0 and l.
b. Growth under a constant inherent growth habit
We begin by examining the traditional assumption of spherical shape by performing a comparison with binned calculation. Figure 3 shows that the spherical assumption significantly underestimates mass growth, compared to results from the binned approach (ShapeBin). Furthermore, the deviation is larger for the two-moment approach (Sphere2M) than the three-moment approach (Sphere3M), with associated error rates of 60% and 45%, respectively, following calculation over a period of 1000 s. The close fit between Sphere3M and SphereBin calculations indicates that modal approximation works well when the shape effect is not taken into account. Figure 3 illustrated the large error associated with the assumption of spherical shapes. Thus, we sought to determine whether the proposed parameterization scheme can minimize this error. Figure 4a shows that the proposed three-moment parameterization scheme (Shape3M) performed rather well, with only 0.7% underestimation after 1000 s. Significant error (237% at 1000 s) would result if shape evolution was considered using only two moments (fixed a) for modal parameterization (i.e., Shape2M). The degree of deficit in volume (M 3 ) growth (Fig. 4a) appears to be associated with the deficit in the bulk aspect ratio f shown in Fig. 4b , as the mass change is nonlinearly dependent on aspect ratio change according to Eq. (5). Shape3M again performed relatively well, with less than 3% error in f. Note that the slightly larger error in f is not entirely due to inaccuracy in our parameterization scheme. We suspect that ''spectral overturn'' (discussed later) may contribute to the discrepancy. The above calculations were repeated using an inverse g (i.e., g 5 0.5) to represent plates, and the results are very similar (figure not shown), except that plates grew somewhat slower than columns because of their smaller electrostatic capacitance under the same eccentricity (cf. Fig. 1 ). The size distribution of ice crystals in the modal approaches can be reconstructed using the gamma distribution parameters, which were diagnosed from Eq. (12). Figure 5 illustrates the evolution of size distribution calculated using the six methods. One can see that, except for the two-moment methods (Sphere2M and Shape2M), the size spectra narrowed with time, at least in the first few minutes of simulation. This degree of narrowing is to be expected because the rate of change in size is inversely proportional to the size [i.e., dD/dt } 1/D, a relationship imposed by Eq. (19) ]. Obviously, two-moment approaches are unable to reflect this spectral narrowing (because of the fixed a), and this contributes greatly to the large error in volume growth (cf. Figs. 3 and 4) . For the most part, the Sphere3M size spectrum followed that of SphereBin quite well, which explained their likeness in M 3 growth, as shown in Fig. 3 . Nonetheless, they trailed behind the ShapeBin spectrum, and this lag increased with time. The Shape3M spectrum closely followed the ShapeBin spectrum, indicating the good performance from this parameterization scheme.
It can be observed in Fig. 5 that the ShapeBin spectrum stopped narrowing and eventually began widening, whereas the three-moment and SphereBin size spectra continued to contract toward the level of monodispersion. This spectral widening is due to a peculiar phenomenon of ''spectral overturn,'' which was noted by Sheridan et al. (2009) . Figure 6 illustrates the evolution of ice crystal size spectrum from the ShapeBin calculation, with original bin numbers color-coded to highlight this effect. One can see that particles in the   FIG. 3 . Evolution of the third moment M 3 for ice crystals grown via vapor diffusion, as calculated using the ShapeBin (black curve), SphereBin (green dashed curve), Sphere3M (blue curve), and Sphere2M (black dotted curve) methods. Conditions for these calculations included the following: T 5 266 K, P 5 800 hPa, Dr y 5 1.89 3 10 24 kg m 23 , f y 5 1, and g 5 2. Note that the SphereBin and Sphere3M curves are overlapped.
FIG. 4. Results of diffusional growth of ice crystals, comparing modal parameterizations with the binned calculation (black curve). (a)
The third moment M 3 and (b) bulk aspect ratio f. The three parameterizations compared include Shape3M (red curve), Shape2M (red dotted curve), and Sphere3M (blue curve) methods. The ambient conditions are as in Fig. 3 . In (a), the Shape3M results nearly overlap the ShapeBin results. lower bin numbers were chasing up with those in the higher bin numbers prior to 240 s; once they caught up, the leads kept building up. Spectral overturn is caused by the larger memory of spherical shape in the higher bins such that their mass growth is limited by the smaller C E (cf. Fig. 1 ). Figure 7 illustrates the development of aspect ratio for each bin in ShapeBin calculations. One can see that smaller particles (particularly those with initial r eq , 3 mm) have less ''spherical burden,'' which allows them to develop higher eccentricity and thereby permits more rapid growth overall. The fact that modal approaches cannot be used to describe this spectral overturn effect may have contributed to the error in the Shape3M scheme. Fortunately, the associated errors in M 3 and M f are relatively small.
c. Growth under transition in inherent growth habits
A tougher test of the Shape3M parameterization scheme was conducted by applying the inherent growth habit ratio of g 5 2 (columnar regime) for the first 20 s and then switching to g 5 0.5 (planar regime). This test makes it possible to determine whether the proposed scheme allows a realistic transition of growth habit according to changes in environmental conditions. Figure 8a shows that, compared to the ShapeBin results, the Shape3M scheme again performed relatively well, with only 0.6% overestimation in M 3 after simulation for 1000 s. In contrast, the Shape2M scheme underestimated M 3 by as much as 27%. The methods based on the assumption of sphericity (i.e., Sphere2M, Sphere3M, and SphereBin) performed far worse and will therefore not be discussed further.
In Fig. 8b , a sharp change in f can be seen corresponding to the switch in g from 2 to 0.5 at 20 s in all three methods that allow shape change. However, the switchover from the columnar regime (f . 1) to planar regime (f , 1) did not occur immediately, but rather at 600 s, which is a clear indication of the shape memory effect. The shape memory effect has long been recognized in laboratory measurements since Hallett and Mason (1958) . Special examples of the shape memory effect include the crown crystals (Nakaya 1954 capped columns (Magono and Lee 1966) , which exhibited the development of new characteristics of growth habit on top of the original crystal when they are suddenly transferred into a different environment. The changing environment caused f to vary gradually from well above 1 for the original columnar ice to near or even less than 1 for the capped columns, whereas the opposite occurred for the crowned crystals. The Shape3M method appears to have slightly faster evolution in f than ShapeBin, with a final value approximately 3% lower. But the seemingly faster evolution in f is due mainly to the slightly slower development in the columnar regime (Fig. 4) , which instills less memory of columnar shape in the ice crystals. The situation is much more obvious for Shape2M, wherein the final f value is 12% lower. A switch in g can lead to more extreme eccentricity, because of the earlier manifestation of shape memory. As a result, the f values in Fig. 8b are less eccentric than those in Fig. 4b , which leads to far slower mass growth in Fig. 8a than that observed in Fig. 4a , under otherwise identical environmental conditions. The evolution of size spectra in this test is similar to that of the first 4 min in Fig. 5 ; therefore, there is no need to present it here.
The early development of shape is very important. The bin model results in Fig. 9 show that, under the same environmental conditions, growth habit between particles of different bin numbers can vary considerably. The initially smaller (low bin number) ice particles acquired stronger columnar characteristics during the first 20 s. This seemingly brief nurturing in the columnar regime actually led to the development of memory sufficient to resist conversion to planar ice when switched to the g 5 0.5 environment. It takes less than 2 min for the particles in the higher bin numbers to change to planar shape; however, more than 10 min is required for particles in the lower bin numbers to achieve the same. Differences in shape memory can lead to the coexistence of plates and columns as exhibited in the binned calculations. However, this mixed-shape phenomenon cannot be resolved using the current modal approach. Regardless, the modal approach does produce fairly accurate f, as shown in Fig. 8b. 
d. Ventilation effect
The results taking into account the ventilation effect for the constant g case are shown in Fig. 10 . Comparing to Fig. 4 (without the ventilation effect) , the overall enhancement due to ventilation effect is a 2.9-and 1.3-times increase in M 3 and f, respectively, following simulation of 1000 s. Figure 10a shows that these changes are fairly well captured by the Shape3M method, with an overestimation of 4.7%; whereas the Sphere2M, Sphere3M, and Shape2M methods underestimated M 3 by 85%, 77%, and 39%, respectively. Figure 10b shows that the error in f associated with the Shape3M method is less than 3% after 1000 s. In contrast, the Shape2M method produced only a 0.4% error in f; however, this does not mean that the Shape2M method is more accurate. In fact, Shape2M calculation greatly underestimated f in the earlier stage. The fact that the Shape2M's f values later caught up is due to the presence of much larger particles created artificially by the wide spectral dispersion (a 5 3), which increased the effect of ventilation on shape development. In fact, it can be observed that the f values in Shape2M will tend to be greatly overestimated if given sufficient time. This effect is not so obvious with regard to M 3 because of the weaker size dependence associated with mass growth than with shape growth.
The general characteristics observed in the evolution of size spectrum under the ventilation effect are quite similar to those in Fig. 5 and will therefore not be elaborated upon here. Nonetheless, one aspect of the spectral evolution is noteworthy. The ventilation effect is generally more pronounced for larger ice crystals because of their higher fall speeds. Therefore, one might expect that this would give the initially larger ice crystal an edge in mass growth and thereby hinder the sizeovertake phenomenon shown in Figs. 5 and 6. However, spectral overturn became even more prominent under the ventilation effect. This can be attributed to the fact that size overtake occurred when the size of particles approached 50 mm (see Fig. 6 ), whereas the ventilation effect became significant only after the particle size reached 100 mm. Thus, the ventilation effect benefits more the growth of initially small (low bin numbers) ice crystals than the initially large ones.
Discussion
The above demonstrations indicate that the threemoment modal method that permits shape change (i.e., Shape3M) is well suited to reproducing the bulk properties of M 3 and f, with errors of less than 1% without considering the ventilation effect. Disregarding the shape effect will lead to considerable underestimation (45% in 1000 s) in mass growth, which, in turn, may cause large discrepancies in other physical processes, such as collection, sedimentation, and radiative transfer. Gamma distributions appear to work rather well in this application. The proposed method remains robust, even when parameters a and l of the initial size distribution are perturbed. Fig. 7 , but with the g value switched from 2 to 0.5 at 20 s.
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It is important to apply three moments in contrast to the two-moment schemes commonly applied in the past. A lack of an additional moment inevitably leads to underestimation in mass growth by as much as 37% following simulation for 1000 s. The computational cost for including the extra moment is 20% and 29% for the ''Sphere'' and ''Shape'' runs, respectively, compared to the double-moment scheme. Earlier modal schemes commonly applied so-called Marshall-Palmer distribution, which forces the existence of abundant small particles. Studies that apply the gamma distribution (using a positive constant a) can avoid the artificial presence of small particles but still suffer from fixed spectral dispersion, which, in reality, should be increasingly narrower during the condensation/deposition growth, as shown in Figs. 5 and 6. Note that Milbrandt and Yau (2005a) allowed a to vary diagnostically as a function of the mean-mass diameter. This approach may be able to improve the accuracy of the two-moment schemes. However, different microphysical processes have different effects on a. For example, the condensation processes tend to narrow the spectrum (increase a), while the coalescence and coagulation processes tend to widen the spectrum (reduce a). So there are limitations in such a diagnostic approach. The three-moment gamma distribution applied in this study allows variable spectral dispersion and thus permits more adequate representation of spectral evolution. One exception is the spectral overturn phenomenon due to the shape effect, which tends to rewiden the size spectrum, as revealed in Fig. 6 . Fortunately this does not significantly affect the bulk properties (i.e., M 3 and f) of the size spectrum.
Our method is similar to that developed by Sheridan et al. (2009) and Harrington et al. (2013a,b) in that both are based on CL94. The main distinctions in our method include the application of the bulk aspect ratio instead of tracking both the a-and c-axis lengths and using three moments in contrast to two moments. Harrington et al. (2013b) reported a 5% error in the ice water content from their method; their accuracy is not too different from ours, despite the fact that we applied one more moment. However, their calculations were done using an ascending parcel model in which the growth in ice water content is largely limited by vapor supply, whereas our calculations applied a fixed vapor density excess, which allows unlimited growth and thus more explicit disclosure of the discrepancies.
The Shape3M method is sensitive to a few parameters that contain large uncertainties. One of the parameters is the difference between ventilation effects along the a and c axes of the ice crystals. The formulation of this effect, as described in Eq. (29), is purely theoretical and may require experimental or numerical studies to provide descriptions of greater accuracy. Another such parameter is threshold size D 0 , below which the ice crystals tend to grow isometrically (same a-and c-axis lengths). Measurements done in real clouds have shown that small ice crystals are often quasi spherical (e.g., Baumgardner et al. 2005; Heymsfield et al. 2007b; Um and McFarquhar 2011) , although it is difficult to rule out the possibility that these crystals were freshly frozen droplets. Miller and Young (1979) suggested that D 0 is about 6 mm and associated the phenomenon with the Wulff's theorem (Wulff 1901) . In section 3b, we describe how shape formation at small sizes (such as near D 0 ) is critical to the future mass growth of the ice crystals. In case of vapor deposition, the earlier the eccentric shape develops, the faster the ice crystals grow. However, the exact value of D 0 is unclear. By analyzing the observed relationships shown in Eqs. (2) and (6), CL94 estimated that D 0 ranges from 1.4 to 5.2 mm for planar ice and from submicrometer to about 60 mm for columnar ice. Apparently the uncertainty in D 0 is rather high. Figure 11 shows that the mass (volume) and shape are sensitive to the value of D 0 , particularly at smaller D 0 values. If a D 0 of 1 mm is used, then M 3 more than doubles while f quadruples. With a larger D 0 of 10 mm, M 3 and f decrease by relatively small magnitudes of 14% and 30%, respectively. This degree of sensitivity warrants further investigation of D 0 values (as well as underlying mechanisms). Nevertheless, once D 0 is known, the proposed Shape3M method is able to calculate M 3 and f variations accurately. The above discussions on D 0 pertain to ice crystals formed via deposition nucleation or condensationfreezing nucleation, which tend to have small initial sizes. For ice crystals formed by cloud drop freezing, their initial diameter can be significantly larger than 6 mm. In this case, D 0 should be the size of the frozen drop or 6 mm, whichever is larger. This can pose problems in the computation because D 0 is not fixed and therefore needs to be tracked. This problem is further complicated by the fact that frozen drops often develop into spatial crystals (or polycrystals), which require different parameterization treatments. Although the current method could be modified to achieve this purpose, a better but more computationally costly way is perhaps using a separate hydrometeor category to describe such ice crystals.
The tests performed in section 3b (under fixed g) showed that the initial spherical memory of initially large particles greatly slows their growth. On the other hand, for the initially small ice particles, the shape that developed during the first 20 s has long-lasting memory, which can impede their adaptation to the switched growth regime. These effects combine to produce mixed growth habits (cf. Fig. 9 ). Note that shape mixing may also be caused by gravitational sorting or result from different growth habit origins. It will be difficult to judge the cause of shape mixing simply from in situ observations. Nevertheless, by using a shape-tracking multicomponent bin model, CL94 demonstrated a gradual shift of growth habit as well as the coexistence of planar and columnar particles in an air parcel under changing environment conditions. The current scheme is able to deal with changes in growth habit regime for the entire population but not for fractions of it. Using two modes of ice crystal population with different growth habits could solve part of these problems; however, it is still difficult to separate the fraction of ice crystals that developed a different growth habit (as shown in Fig. 9 ) and convert them to the other crystal mode. As discussed earlier, this problem is not serious if one only wants to look at the bulk properties M 3 and f. Nonetheless, it is important to determine whether this would cause large errors in processes such as gravitational sedimentation or radiative transfer.
The proposed modal method that allows shape change could be extended to include other physical processes. These include sedimentation flux, which can be calculated using the maximum dimension as given in Eq. (B2). Another process is the radiative flux, which can be calculated using the effective radius obtained from Eq. (18) as long as the solar incidence angle for shortwave radiation is known. The effect of ice crystal shapes on collision processes is also important, because the ice crystal shape not only affects the sweeping volume but also the collision efficiency. In principle, the proposed method could be extended to include the effects of shape on collision processes. However, this would necessitate taking into account how the collision processes conversely affect the shape of ice crystals and make it necessary to deal with the conversion of ice particles (including their shapes) to other hydrometeor categories FIG. 11 . As in Fig. 4 , but for D 0 values of 1, 6, and 10 mm, as obtained using the Shape3M method.
such as snow and graupel. These details are beyond the scope of this study but are certainly worthy of pursuing in future studies.
Conclusions
In this study, we developed a three-moment modal method that allows for shape change (i.e., Shape3M) based on the ice crystal shape parameterization in CL94. The proposed scheme is well suited to simulating the evolution of volume (mass) and the mean shape of a population of cloud ice crystals grown via vapor deposition under the specified environmental conditions. Errors in the computation of mass growth are within 1% after simulation of 1000 s using the binned calculations as a reference. The errors increase somewhat but remain within 5% when the ventilation effect is taken into account. Errors in the bulk aspect ratios were in the range of 3%. A failure to take into account the shape effect would lead to underestimation of 45% in mass growth after simulation for 1000 s. The addition of the second moment allows all three parameters of gamma distribution to evolve freely. This is crucial, because neglecting this additional moment would lead to underestimation of 37% in mass and 28% in the bulk aspect ratio.
The proposed scheme responds well to changes in ambient conditions. The transition from one growth habit regime (planar or columnar) tends to be gradual, a phenomenon we refer to as the shape memory effect. The proposed scheme is able to capture this gradual transition. As revealed in the binned calculations, the shape memory effect is size dependent. Under the assumption that all of the ice particles are initially spherical, the smaller ice crystals would be able to develop more extreme aspect ratios, which would enable them to grow faster. Shape-enhanced growth causes spectral overturn, in which initially smaller spherical particles can outpace initially larger spherical particles with regard to growth in size during vapor deposition. Nonetheless, spectral overturn may be inhibited if the ambient conditions switch from one growth habit regime to the other, because the initially smaller ice crystals retain more memory of earlier growth and thus have stronger resistance to the new growth habit. This kind of effect cannot be resolved using the modal approach, but fortunately this does not significantly affect accuracy in calculating the bulk properties M 3 and f.
The parameterization of adaptive growth habit for cloud ice crystals was tested under idealized ambient conditions; therefore, its applicability should be further evaluated under more realistic conditions. We are currently preparing for the implementation of this scheme in the Weather Research and Forecasting Model for application in real cases involving strong ice-phase processes in order to evaluate the importance of ice crystal shape. Further investigation will also include the effects of ice crystal shape on radiation and other microphysical processes, such as collision and sedimentation.
whereupon the results were fitted into the following approximation:
For planar ice, f 0 5 21.571 417 5, f 1 5 3.232 860 7, f 2 5 5.964 775 9, and the coefficient of determination R 2 of fitting reached 0.9999; for columnar ice f 0 5 21.545 106 2, f 1 53.220 684, f 2 5 6.389 896 5, and the R 2 of fitting reached 0.9998. Using the above transformation, Eq. (A3) can be rewritten as follows:
which can be arranged into an approximate solution for z:
This approximation is referred to as z 2 . The ''integral transformation'' in Chen et al. (2013) requires sophisticated treatments and thus is skipped here. In Fig. A1 , we compared modal calculation of ice crystal deposition growth using z 1 and z 2 . Apparently, z 1 does a better job than z 2 ; therefore, it was selected for this study.
APPENDIX B

Derivation of the Modal Diffusional Growth Equation a. Fall speed and ventilation coefficient
The ventilation coefficient is commonly expressed in the following form (cf. Pruppacher and Klett 1997, 539-541) :
where a i is the coefficient of the ith term, j is the maximum number of fitting terms,
Re , N Sc [ n/D y is the Schmidt number, N Re [ UL/n is the Reynolds number, n is the kinematic viscosity of air, D y is the diffusivity of water vapor in air, U is the fall speed, and L is the characteristic dimension of the particle. For example, Hall and Pruppacher (1976) applied two terms to describe f y associated with idealized (spheroidal) ice crystals (i 5 0 and 2 for X # 1; whereas i 5 0 and 1 for X . 1); Ji and Wang (1999) applied a fourth-order fit (i 5 0-4) to results from numerical solutions to water vapor fields surrounding idealized ice crystals. In contrast, Liu et al. (2003) provided a second-order (i 5 0-2) polynomial representation of f y based on the results of Ji and Wang (1999) . Any of the above formulations can be applied in our scheme. Hall and Pruppacher (1976) defined L as the ratio of the total surface area of ice particle to the perimeter (which should be circumscribed for branched crystals) of its projection normal to the flow. Their findings suggest that L and thus f y are dependent of the aspect ratio. Ji and Wang (1999) claimed that aspect ratio does affect f y ; however, because of difficulties in determining L, many studies have simply applied the maximum dimension of the particle D m in place of L. Westbrook and Heymsfield (2011) showed that such a simplification is fine for planar ice but may lead to overestimation in f y when dealing with columnar ice. Nonetheless, most parameterizations for f y have been performed under the assumption that L 5 D m ; therefore, we adopted this definition.
To derive the size dependence of f y , we need to know the fall speed of the ice crystals, which is commonly expressed as a power-law relation with the maximum dimension:
FIG. A1. Comparison of modal volume (M 3 ) evolution due to diffusional growth under various parameterizations of C E3 and z.
The C E formulations tested are C E1 , C E2 , and C E3 , as discussed in appendix B; the two z formulations tested are z 1 and z 2 , as discussed in appendix A. Only four combinations are presented: C E1 1 z 1 (green dashed curve), C E2 1 z 1 (blue dashed-dotted curve), C E3 1 z 1 (red curve), and C E3 1 z 2 (magenta dotted curve). The C E2 1 z 1 and C E3 1 z 1 results nearly overlap with those obtained using the ShapeBin calculation (black curve).
The coefficients b 1 and b 2 are independent of size but may depend on shape. This study adopted the detailed treatment for these coefficients from Mitchell and Heymsfield (2005) In addition to the ventilation coefficient, the electrostatic capacitance C E in the diffusional growth equation [i.e., Eq. (22)] must also be expressed as a function of particle size. The assumption of spheroidal geometry enables us to relate C E with the equivalent radius as follows (Snow 1954 for prolate). One can see that C E /r eq is a pure function of f (cf. Fig. 1) . Unfortunately, the functional form of C E /r eq is too complicated to derive an analytical solution for Eq. (22). Thus, we applied the transformation methods mentioned in appendix A. The mean-size approximation for C E was performed by applying the mean-volume diameter D 5 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi M 3 /M 0 3 p to Eq. (17) to obtain the mean axis lengths at the basal and prism faces for insertion into the numerator of the first right-hand-side term in order to approximate C E (which we called C E1 ). Alternatively, one can simply replace f in Eq. (B4) with f in Eq. (15). We refer to this form of approximation as C E2 . Neither C E1 nor C E2 is dependent on D; therefore, they can be taken out of the integral in Eq. (22) to simplify the modal diffusional growth equation as follows:
where i 5 1 or 2. Next, we apply the kernel transformation method to convert C E /r eq into a power-law function of f:
where Figure A1 presents a comparison of results obtained using the three methods discussed above to those from binned calculations. One can see that C E3 is slightly better than C E2 and much better than C E1 . Therefore, we select C E3 for our parameterization scheme.
